
H Y D R O D Y N A M I C S  A N D  H E A T  T R A N S F E R  I N  A L A Y E R  

O F  L I Q U I D  O N  A R O T A T I N G  S U R F A C E ,  A L L O W I N G  

F O R  I N T E R A C T I O N  W I T H  A G A S  F L O W  

N .  S .  M o c h a l o v a ,  L I  P .  K h o l p a n o v ,  
a n d  V .  Y a .  S h k a d o v  

UDC 532.526.75 

T h e  h y d r o d y n a m i c s  and  h e a t  t r a n s f e r  of  a l a y e r  of  l iqu id  on a r o t a t i n g  s u r f a c e  a r e  a n a l y z e a m e o -  
r e t i c a l l y  on the  b o u n d a r y - l a y e r  a p p r o x i m a t i o n  u n d e r  c o n d i t i o n s  in which  a g a s  f low i n t e r a c t s  
w i th  t he  l i qu id  f i l m .  

The h y d r o d y n a m i c s  and m a s s  t r a n s f e r  of a l a y e r  of l iquid  on a r o t a t i n g  s u r f a c e  we re  s t ud i e d  in  the a b -  
s e n c e  of wave  f o r m a t i o n  and f r i c t i o n a l  f o r c e s  a t  the i n t e r f a c e  in o u r  e a r l i e r  p a p e r  [1]. In th is  p a p e r  the s a m e  
p r o b l e m  wi l l  be s o l v e d  with due a l l o w a n c e  f o r  f r i c t i o n a l  f o r c e s  a t  the i n t e r f a c e ,  and the hea t  t r a n s f e r  f rom the 
l iqu id  f i l m  to the r o t a t i n g  s u r f a c e  w i l l  be c a l c u l a t e d  u n d e r  t h e s e  c o n d i t i o n s .  

1. L e t  the x ax i s  s i g n i f y  the  a r c  length  a l o n g  the f looded  wa l l  of a s p i r a l  c ha nne l  and y,  the d i s t a n c e  f rom 
the Wall  a long the n o r m a l .  We a s s u m e  tha t  the l iquid  is  i n c o m p r e s s i b l e ,  the m o t i o n  s t e a d y ,  and the f lows i s o -  
t h e r m a l .  The thin  l a y e r  of l iqu id  m o v e s  wi thou t  wave  f o r m a t i o n  a long an A r c h i m e d e s  s p i r a l ,  which in p o l a r  
c o o r d i n a t e s  r ,  0 obeys  the equa t ion  r = A0, A > 0. We a l s o  a s s u m e  tha t  the p r e s s u r e  g r a d i e n t  in the l a y e r  a r i s e s  
s o l e l y  f r o m  the r o t a t i o n .  U n d e r  t hese  a s s u m p t i o n s  the  mo t ion  of the thin l a y e r  of l iquid  m a y  be d e s c r i b e d  by 
the s a m e  P r a n d t l  equa t i ons  a s  in [1]: 
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and X,  Y a r e  the p r o j e c t i o n s  of the m a s s  f o r c e s  on the x and y axes  r e s p e c t i v e l y .  The m a s s  f o r c e s  ac t ing  on 
the p a r t i c l e s  of l iqu id  inc lude  the c e n t r i f u g a l  f o r c e  F c  = w2R(x) and the C o r i o l i s  f o r c e  of i n e r t i a  F c o r  = 2w • V. 
A change  in the d i r e c t i o n  of r o t a t i o n  of the s p i r a l  is on ly  r e f l e c t e d  in the s e c o n d  of t h e s e .  The p r o j e c t i o n s  of 

t h e  m a s s  f o r c e s  on the x and y a x e s  t ake  the f o r m  

X = c0~R (x) cos a 4- 2 c0v, 
(2) 

Y = o)~R (x) sin c~ -t- 2r 

w h e r e  the u p p e r  s i g n  c o r r e s p o n d s  to the a n t i e l o c k w i s e ,  and the l o w e r  s i gn  to the c l o c k w i s e ,  r o t a t i o n  of the 
s p i r a l ;  a is the ang le  m a d e  by  the c e n t r i f u g a l  f o r c e  v e c t o i  ~ with the p o s i t i v e  d i r e c t i o n  of the tangent ,  s i n c e  
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Fig .  I. D i m e n s i o n l e s s  th i ckness  of the liquid f i lm as a func t ion  of the length of the s p i r a l  for  
Re = 300; 1"1 = 1: a) fo r  E5 = 1, 1) E1 = 0.4: 2) 1; 3) 1.6; 4) 2.5; b) for  E1 = 1, 5) E5 = 0.5; 6) 1; 

7) 1.5. 

F ig .  2. D i m e n s i o n l e s s  th i ckness  of the l iquid f i lm as a func t ion  of the length of the s p i r a l  for  
E1 = 1; E5 = 1: a) for  F1 = 1, 1) Re = 100; 2) 300; 3) 500; 4) 1000: b) for  Re = 300, 5) F1 = 2; 6) 1; 

7) O. 
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Fig .  3. D i m e n s i o n l e s s  t h i c k n e s s  of the t h e r m a l  
b o u n d a r y  l a y e r  as a funct ion  of the length of 
the s p i r a l  for  E1 = 1; E5 = 1; P r  = 10: a) fo r  
141 = 0, 1) Re = 1000; 2) 500; 3) 300; 4) 100; b) 
f o r  Re = 300, 5) F1 = 0; 6) 1; 7) 2. 
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In the v a r i a b l e s  0, y the s y s t e m  of Eqs .  (1) m a y  be e x p r e s s e d  as fol lows:  
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It follows f rom the condi t ion  of a t t a c h m e n t  to the wal l  that  

for g = 0 ,  u = v = O .  (4) 

The ef fec t  of the gas flow on the flow of the thin l iquid l a y e r  is t aken  into accoun t  by way of the t angen t i a l  
f o r ce s  on the i n t e r f a c e ,  i .e . ,  

for y = 6, d u = T__9_ 0 = B, p = p~=const, u =U. (5) 
dy 

We so lve  s y s t e m  (3) by the method of i n t eg ra l  r e l a t i o n s h i p s .  The p o l y n o m i a l  of the second  deg ree  which s a t i s -  
f ies  bounda ry  condi t ions  (4) and (5) takes  the form 

u = ( 2 _ _  B5 g - - ( 1 - -  B5 
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F i g .  4. Relationship between JT and the 
length of the spira l  for Re = 300; P r  = 
10: a) for  F1 = 0, E5 = 1, 1) E1 =0.4;  2) 
1; 3) 1.6; 4) 2.5; b) for F1 = 1, E 1 - 1 ,  5) 
E5 = 0.5; 6) 1; 7) 1.5. 

5(x) 

where U is determined from the equation for  the rate of flow I 
0 

udy = q = const  and is expressed by 

3 q B6 
U = - - .  5- 

2 6 4 (7) 

Eliminating the p re s su re  from the second equation of sys tem (3) we find 0p/a0. After integrating the f i rs t  equa- 
tion of sys tem (3) with respec t  to y over  the boundary l aye r  and taking account of the ~p/00 just  found, we then 
obtain a nonlinear equation of the f i r s t  o r d e r  in 6(0). tn dimensionless  coordinates  this takes the form 

d6 { 9Ga (0 ~-1-1) 3/2 ~ _ 9 ~ G a  0 ~ 5 0 2 + 2  
dO = Re ~E5 0 2 + 2  2 Re ~ (02+2) 2 

E50:(0'+ 4) 33 3 B62_}_ l B28, -}- -~ 
- -  (0 ~ + 1) 5/2 -~-  + 40 160 ReE5 , 

0(02+1) .~ E5(0~+2) B6-4- 1 /~2 (8) 
X 0 2 4- 2 (0 2 +  I) 5/2 40  ' 

where the upper sign cor responds  to antielockwise and, the lower to clockwise,  rotation. We note that for B = 
0, i.e,, in the absence of interact ion between the gas flow and the layer  of liquid, Eq. (8) takes the form derived 
in our  e a r l i e r  paper  [1]. Equation (8) may be solved numerica l ly  by the Runge-Kut ta  method. 

The cha rac te r i s t i c  form of the relationship between the thickness of the liquid film on the spira l  and the 
length of the l a t t e r  for  var ious values of the hydrodynamic parameters  is shown in Fig. la ,  b and Fig. 2a, b. 

We see from these f igures that for all operating conditions of the spi ra l  apparatus considered the thick- 
ness of the liquid film passes  through a maximum as the pa ramete r s  are  varied and then falls,  with a tendency 
to approach a constant value. The rate at  which the film thickness approaches a constant  value depends on 
Re, Ga, B, E5. The g r ea t e r  Ga and the s m a l l e r  Re and E5, the more  rapidly does the equation of the appara-  
tus approach the situation involving a constant film thickness.  

The distance ~k such that, a f ter  t ravers ing  it in a downstream d i rec t ion ,  the film thickness and surface  
veloci ty  differ  by 0.1% from a constant  value (i.e., the length of the "inlet" section),  may be found from the 
numer ica l  solution of Eq. (8) and takes the form 
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fo rm 

x k = (0.16Re--  i5) i /  Ga " (9) 

The f r i c t i ona l  force ~- of the l iquid f i lm on the su r f a c e  of the whole length of the s p i r a l  channe l  has the 

L 

j ~ Oy/y=0 , . 2 0 
(lO) 

2. If the heat-transfer resistance is concentrated in the liquid phase, the heat-transfer coefficient from 
the liquid film to the wall of the spiral heat-exchanger may be calculated from the energy equation for the liq- 

uid laye r: 

OF OT O~T 
u - -  - - v  - -  = a - -  , (11) 

Ox Og Oy 2 

in which the ve loc i t i e s  u and v a r e  r ega rded  as d e t e r m i n e d  f rom the so lu t ion  of the h y d r o d y n a m i c  p rob lem (6). 

We assume that the flow of the liquid film is laminar, the then~nal diffusivity is constant, and the dissipa- 

tion energy is small enough to be neglected. In solving problem (II) the boundary conditions take the form 

for g = O  Y = T w ,  for b ' = 6 r  Y = T f  . (12,1 

We introduce the dimensionless temperature T = (T-Tw) x (Tf-Tw)-I. A polynomial of the third degree satis- 
fying the boundary conditions (12) is as follows: 

I n t eg ra t i ng  with r e s p e c t  to y f rom y = 0 to y = 5 T,  i .e . ,  ove r  the th ickness  of the t h e r m a l  l a y e r ,  and a l lowing 
for  the bounda ry  condi t ions  (12), we obta in  a n o n l i n e a r  equa t ion  of the f i r s t  o r d e r  in 6T(O) .  In d i m e n s i o n l e s s  
c o o r d i n a t e s  t h i s  takes the fo rm 

dO - -  ReE5PR dO ~3 - -  ~ + 5-2 ,.,j ~.~ 52 + 16B5~ 6 = ' (13) 

in which 5 and dS/d0 are to be taken from the solution to the hydrodynamic problem (8). The solution to Eq. (13) 
is conveniently obtained for two cases: a) in the inlet section; b) as dS/d0 ~ 0, neglecting the terms in Eq. (13) 
containing the dimensions of the thermal layer to the third power, i.e., in the stabilization region. 

Equation (13) may be solved numerically by the Runge-Kutta method at the same time as Eq. (8). The 

characteristic form of the relationship between the thickness of the thermal layer on the spiral and the length 
of the spiral for various values of the hydrodynamic parameters is shown in Fig. 3a and b. 

We see from Fig. 3 that, for the operating conditions of the apparatus under consideration, the thickness 
~T first rises to a maximum by virtue of the fact that the thickness of the liquid film has a transient form in 
the inlet section; it then falls, and subsequently starts rising again. 

The resultant numerical values of the thickness of the thermal layer are used to determine the average 
coefficient of heat transfer to the film of liquid in the inlet section. To this end we consider a certain charac- 
teristic length L and average the thermal flux on the surface of the spiral 

xk ~k 
~r - 1 a dx  = (14) 

xk u=o 2x h 6r 
0 o 

In Eq.  (14) the a v e r a g i n g  is c a r r i e d  out o v e r  the reg ion  of d e v e l o p m e n t  of the l iquid f i lm def ined by Eq. (9). 
An a p p r o x i m a t i n g  fo rmu la  for  the h e a t - t r a n s f e r  coe f f i c i en t  found by n u m e r i c a l  i n t e g r a t i on  takes the form 

~r = 1 ,5Re l /2E51/2v t /2a l /2 -x~ ' ] r ,  (15) 

whe re 

]r = exp {2.3]/x,,, exp (--  0 .511E1--  1.236) 

-]- [(-- 0.045F1 - -  0.45) In Re -}- 0.921 E5 - -  0.221n Pr 

+ 0.414El - -  0.59}. 
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The a c c u r a c y  of the resu l tan t  approx imat ing  equations a s s e s s e d  by compar i son  with the numer i ca l  solution in 
the range of p a r a m e t e r s  studied amounts  to about 10%. 

The c h a r a c t e r i s t i c  fo rm of the re la t ionship  between JT in the liquid f i lm and the length of the sp i ra l  for  
va r ious  values  of the hydrodynamic  p a r a m e t e r s  is shown in Fig.  4a, b. 

We s e e  f rom these  f igures  that,  fo r  the opera t ing conditions of the appara tus  a s sumed ,  JT is the g r e a t e r ,  
the g r e a t e r  Ga and the s m a l l e r  Re, P r ,  and E5 fo r  the s a m e  length of the sp i ra l .  

In the s tabi l iza t ion  region 5 T and fiT take the fo rm 

3 f f  456~xa 
5r = [  q (6  %6~ i ' 

gq / 

a2/Zql /90)4 /9 A2/9 
lSr = 0.82 f (%), L 1 / 3 u  

/ -Co6~ 3 / l 

6~tq 
0,26% 

[(%) l /  exp (-- p0)4/3A2/3ql,,3vl,,3 )] 

(16) 

(17) 

U , V  

P 
ho 
q = V0h 0 
U 

= 5/h0, 5 T  = 5T/h0 
S = r0//~ = 0u/O y 

= B h 0 / V  0 

O2 

A 
x =A[(O/2) ~r + 
1/2 ln(o+ ~ + 1 ) ]  
L 
E 5 = h0/A 
Re = 3V0h0/v 
Ga = w2 Ah~/v 2 
E1 = di/h 0 = 3f-R-e-/'Ga 

a 

P r  = },/a 
= x /h  o 

1. 

N O T A T I O N  

are  the project ions  of the veloci ty  vec to r  Tr on the x and y axes;  
is the p r e s s u r e  in the liquid fi lm; 
is the initial  th ickness  of the liquid f i lm; 
is the ra te  of liquid flow; 
is the c h a r a c t e r i s t i c  veloci ty;  
a r e  the d imens ion less  th icknesses  of the hydrodynamic  and the rmal  boundary l ayers ;  
is the f r ic t ional  force  at the su r face  of the liquid fi lm; 
is the d imens ion les s  f r ic t ional  force  at the su r face  of the liquid film (]3 = F1 Ga/Re, 
where  P l  = 3r0/PaTAh 0) ; 
is the angular  ve loci ty  of rotat ion of the sp i ra l ;  
is the c h a r a c t e r i s t i c  of the Arch imedes  sp i ra l  (r = A0); 

is the 
is the 
is the 
is the 
is the 
is the 
f i lm; 
is the 
is the 
is the 

c u r r e n t  length of the sp i ra l ;  
c h a r a c t e r i s t i c  length of the sp i ra l ;  
d imens ion le s s  c h a r a c t e r i s t i c  of the sp i ra l ;  
modif ied Reynolds number ;  
Gal i leo ' s  numbe r; 
ra t io  of the th ickness  of the boundary l aye r  to the initial  th ickness  of the liquid 

t h e r m a l  diffusivity;  
t h e r m a l  Prandt l  number ;  
d imens ion les s  c u r r e n t  length of the sp i r a l .  
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